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Create better diversified high-conviction equity portfolios using the Portfolio Diversification Index ABSTRACT We investigate the construction of well-diversified high-conviction equity portfolios, building on Rudin and Morgan (2006) who introduced the Portfolio Diversification Index (PDI) as a new measure of portfolio diversification applied to long/short equity hedge funds in an in-sample period. We are the first to investigate the out-of-sample properties of the PDI. Our research applies a novel portfolio selection algorithm to maximize the PDI of a portfolio of stocks in the S&P 500 Index over 2000 to 2009. We construct equally-weighted, well-diversified portfolios, consisting of 5 to 30 stocks and compare these with randomly selected portfolios of the same stock sizes. Our results indicate that investors using our algorithm to maximize the PDI can improve the diversification of high-conviction equity portfolios. For example, a portfolio of 20 stocks constructed using the algorithm with the PDI behaves out-of-sample as if it contains 10 independent stocks, i.e. a PDI score of 10. Although this is less than the PDI score of 15 achieved in-sample, it is a significant improvement over the PDI score of 7, which occurs with a randomly selected portfolio. Our research is robust with respect to the number of stocks in the investment portfolio and the time period under consideration.
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I. INTRODUCTION
Obtaining a well-diversified stock portfolio has become easier for private investors through financial innovations such as index mutual funds or exchange traded funds. 1 Nevertheless, private investors and portfolio managers who follow high-conviction strategies with a high active-share as defined by Cremers and Petajisto (2009) may want to know whether their portfolio is well diversified. Malkiel (1990) In order to construct a well-diversified portfolio, we use a portfolio selection algorithm that maximizes the Portfolio Diversification Index (PDI), a measure of diversification that was introduced by Rudin and Morgan (2006) . This quantitative method enables us to construct portfolios with good diversification properties. While Rudin and Morgan (2006) show that a portfolio based on the PDI is better diversified in-sample, they do not provide any evidence on the out-of-sample properties of their new methodology. They focus in their application on equity long/short hedge funds instead of equity portfolios considered in this research. In any real-life application it is important to know whether in-sample measures also hold out-of-sample. 2 Our results suggest that the diversification properties of out-ofsample portfolios are also superior to randomly selected portfolios. This out-of-sample evidence is of key importance for investors wanting to apply the PDI in practice to form real-life investment portfolios. Our empirical results should convince investors about the added value of efficient diversification relative to naive diversification, which is the preferred diversification strategy according to De Wit (1998) and DeMiguel et al (2009) .
1 See, e.g., Agapova (2009) for more details on these investment vehicles. 2 DeMiguel, Garlappi, and Uppal (2009) stress the importance of out-of-sample evidence when using models for diversification that require estimation and hence are prone to estimation risk.
The well-diversified PDI portfolio consisting of 20 stocks acts as if it consists of 15 independent stocks in the in-sample period. Our out-of-sample results indicate that for a real-life investor who uses the PDI to construct a diversified portfolio, it behaves as if there are 10 independent stocks, which is a significant improvement on the randomly selected portfolio for which this number is 7. An alternative measure for diversification indicates that the volatility of the portfolio declines from 30% of a single stock to 23% of a single stock when applying the PDI relative to a randomly selected portfolio. This means that the diversification gain is about 22%. Our results hold both for annually and quarterly rebalanced portfolios, indicating that real-life investors may benefit from the PDI when constructing a diversified portfolio. These results are robust with respect to the number of stocks in the investment portfolio and the time period under consideration.
The remainder of this paper is organized as follows. In Section II we describe the data that we used in our analysis. In Section III we explain various diversification measures, with a focus on the Portfolio Diversification Index and the Diversification Ratio. Section IV contains the results from our empirical analysis. A conclusion is provided in Section V.
II. DATA
Our sample consists of the stocks comprising the Standard and Poor's (S&P) 500 Index.
We choose this sample of large and liquid stocks to prevent potential problems with price asynchronicity; see Epps (1979) or Dimson (1979) . 3 We obtain daily total-return stock prices from the Center for Research in Security Prices (CRSP). These total-return stock prices are adjusted for dividend payments and stock splits. The sample period covers ten years with daily stock prices collected on each trading day from January 2000 through December 2009. Daily returns are calculated based on the daily stock prices; excess daily returns are calculated by deducting the daily effective federal funds rate from the daily return. The federal funds rate is a weighted average of rates on trades through New York brokers. It is available for each calendar day and was obtained from CRSP.
At the end of each calendar year, we check which stocks are in the S&P 500 Index and include in our sample all stocks where a one-year historical return is available. Only a few stocks drop out of the sample in a given year because of this restriction. If any stocks are delisted during the investment period, we replace the missing values with the crosssectional average return of all the available stocks on each of the missing days. While this might influence the average return generated by the portfolios, we believe the diversification properties will be only marginally affected.
III. MEASURING PORTFOLIO DIVERSIFICATION
The PDI method put forward by Rudin and Morgan (2006) involves principal component analysis of the daily stock returns. They define the PDI as follows:
where N represents the number of stocks in the portfolio, and k W is the ordered vector of principal component relative strengths based on the daily covariance matrix of stock returns.
For a completely non-diversified portfolio dominated by a single factor
k, and N PDI ≈ . Any positive change in front loading, when explanatory power moves from l W to k W with l higher than k, reduces the index. In other words: the more the variation in portfolio returns is explained by common factors, the less favorable the diversification properties of the portfolio become.
An alternative measure for diversification was described by Markowitz (1976) . We call this the Diversification Ratio. It is calculated as follows:
So, we define the Diversification Ratio as the ratio of the average covariance of the assets and the equally-weighted variance of assets, as a function of the number of assets in the portfolio.
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The Diversification Ratio is fairly intuitive. As the number of assets becomes large, the measure equals the average correlation coefficient between assets. If this correlation is zero, then virtually all risk is diversifiable by holding a portfolio of a large number of assets. However, when the average correlation is high, even a large number of assets cannot increase the diversification of the portfolio.
Both the Portfolio Diversification Index and Diversification Ratio are measures of diversification that relate to other measures that have been put forward in this area of literature; see Meucci (2009) for a more detailed review of diversification measures. The "differential diversification index" described by Meucci (2009) is closely related to the Diversification Ratio that we described above in Equation (2). Meucci (2009) further states that the "idiosyncratic diversification index" may be used when markets can be described by a factor model. In such case, the relative contribution of idiosyncratic risk should be low for a portfolio to be well-diversified. Bouchaud, Potters, and Aguilar (1997) and Bouchaud and Potters (2000, Chapter 3) develop the idea of an "effective asset number", a similar idea to the PDI introduced by Rudin and Morgan (2006) . The effective asset number is based on the notion that portfolio optimization under incomplete information should be performed with constraints on diversification indicators. The method of Bouchaud et al. (1997) prevents the concentration of optimal portfolios, i.e.
portfolios consisting of only a few stocks each with a high portfolio weight. This approach differs from ours. We take the number of stocks in an equally-weighted portfolio as a given, but determine which stocks to select. Fernholz and Karatzas (2008) describe the concept of diversity in financial markets. They claim that diversity-weighted portfolios lead to improved portfolio statistics. Polakow and Gebbie (2008) use a statistical criterion to attain the number of significant eigenvalues of the correlation matrix that they interpret as the number of true independent assets that investors can choose from.
The goal of our research is to show empirically that investors may benefit from using the PDI in practice, and it is not a horse-race between all diversification methods described in the literature.
IV. EMPIRICAL RESULTS
In our analysis we compare randomly formed portfolios with well-diversified portfolios based on the PDI. We choose portfolios ranging from 5 to 30 stocks, a portfolio size which corresponds with high-conviction portfolio strategies. For each comparison, the random portfolios contain the same number of stocks as the diversified portfolios. The stocks in all the portfolios, both the diversified portfolio and the random portfolios, were equally weighted.
The random portfolios are constructed by randomly simulating 1,000 different portfolios for each year. This was done to reduce sampling risk. The characteristics of these 1,000
portfolios were then compared with those of the diversified portfolio for the same year.
The diversified portfolio is formed each year by first choosing one stock from our sample of 500 stocks. In an iterative procedure we then repeatedly add one new stock, choosing to add the one that results in the highest PDI value for the two-stock portfolio. In other words, from the remaining 499 stocks, we add the stock with the highest marginal PDI value. We keep adding the most diversifying stock to the portfolio until we reach the desired portfolio size. This procedure could be sensitive to the stock we use to start the iterative procedure. Therefore, each of the 500 stocks are individually used as the starting stock. From these 500 PDI portfolios, the portfolio with the highest PDI value is labelled the "diversified portfolio". 5 We believe this procedure results in a well-diversified portfolio, but we cannot claim that it is the "optimal" diversified portfolio in the sense that it has the highest PDI value that can possibly be attained. To be certain that we have found a global optimum, we would have to calculate the PDI value for all possible combinations of portfolios of 10, 20, and 30 stocks out of 500 stocks, which is computationally infeasible.
We compare the out-of-sample diversification properties of the diversified portfolio with those of the random portfolios based on the PDI value and the Diversification Ratio. The underlying idea is that the in-sample diversified portfolio of year t-1 continues to be better diversified than the random portfolio in year t. Only if we find that using the PDI leads to better out-of-sample diversified portfolios, can it be used for practical portfolio construction by high-conviction investors. Table 2 shows the risk properties of the random portfolios when applying the market model with the equally-weighted S&P 500 Index as a proxy for the market. We observe that the market model describes these random portfolios rather well, with R-squares of Even when selecting stocks on the basis of the PDI methodology, there is less diversification possible in 2008 than in each of the other years of our sample. This, again, has to do with the higher correlations between stock returns during bear markets, which makes diversification much more difficult in these periods. Unfortunately, this is exactly when diversification is most wanted. Investors may therefore want to increase the number of stocks in their portfolio during crisis periods.
For each year in the sample, except 2006, the PDI values of the diversified portfolio are statistically significantly higher than those of the random portfolio. This is striking evidence that constructing a portfolio according to the PDI does lead to better diversified portfolios out-of-sample. These results are independent of the financial business cycle.
While diversification is more difficult in a downward trending market than in a bull market, picking stocks according to the methodology of the PDI still appears to be superior, producing a much better diversified portfolio, compared with selecting stocks randomly, .
< INSERT FIGURE 1 ABOUT HERE >
For comparison, we also display the in-sample optimal PDI values for each year in the sample. Of course, we expect that the in-sample values are higher than the out-of-sample PDI values of the diversified portfolio. This is simply because the covariance matrix structure of the daily stock returns used in the principal component analysis is not We check for robustness with respect to the number of stocks in the portfolio in Table 3 .
The middle part of Table 3 contains the data that are graphically displayed in Figure 1 for portfolios consisting of 20 stocks. In addition, Table 3 shows the PDI for the portfolios consisting of 10 and 30 stocks as well. We see that our results are robust with respect to the size of the portfolio. We also see, however, that the relative improvement of the PDI is somewhat larger for larger size portfolios. This is likely due to the reduction in the insample estimation risk, as estimation errors could be averaged out in larger portfolios.
< INSERT TABLE 3 ABOUT HERE >
In the previous analyses, we sorted on the PDI measure of diversification and showed that based on this technique, out-of-sample portfolios are well-diversified. As a robustness check, we also calculated whether these portfolios are well diversified under another measure of diversification. Using the Diversification Ratio that was introduced in Section 2, we show in Table 4 the out-of-sample Diversification Ratios for the portfolios formed based on the PDI. It points to the same conclusion as the results from the PDI analysis in Table 3 . Overall, the Diversification Ratio of the out-of-sample portfolio, which is 0.23 on average for a portfolio of 20 stocks, is substantially lower than that of the random portfolio, which is 0.30 on average. We calculate the diversification gain as . On average, a diversification gain of about 22% can be achieved using our proposed PDI algorithm for forming better diversified portfolios. These results are robust with respect to the number of stocks in the portfolio. As indicated in Table 4 , the average diversification gain is 24% for a portfolio of 10 stocks and 18% for a portfolio of 30 stocks.
< INSERT TABLE 4 ABOUT HERE >
In order to investigate the robustness of our results with respect to the investment horizon, we repeat the analysis above with a look-back and holding period of one quarter instead of one year. A quarterly holding period might be more realistic for some investors, and a shorter look-back period might better capture time-varying correlations between stock returns.
We display the results of the quarterly analysis in Figure 2 . Similar to the results shown in Figure 1 , we see that for most periods, the out-of-sample PDIs are larger than the 95% percentile of the randomly formed portfolios of 20 stocks. An exception is the fourth quarter of 2005. This means that investors with quarterly holding periods may also benefit from using the PDI as a measure of diversification for their high-conviction investment portfolios.
< INSERT FIGURE 2 ABOUT HERE >
Although we saw in Figure 1 that in the crisis year of 2008 the PDI portfolio did not diversify as expected, this problem seems to be less present in the analysis with a quarterly-based horizon. This methodology appears to be better suited to deal with timevarying correlation structures than the annually rebalanced portfolios. Thus, in the wake of a crisis scenario, with potentially fast moving interdependencies between stocks, faster rebalancing using the PDI is required to stay well-diversified.
V. CONCLUSION
We show that the use of a novel portfolio construction algorithm using the PDI results in well-diversified high-conviction equity portfolios, which means that fewer stocks are required to reach the same level of diversification in comparison with a portfolio of the same size with randomly selected stocks. Moreover, we investigate the out-of-sample properties of the PDI, which was proposed by Rudin and Morgan (2006) , as a measure of diversification. We find that portfolios based on the PDI methodology in one year 
